
 whatisapc.int
In the Zariski topology a point is Speck for some field k In the estate topology
separable extensions plays havoc with this Now we know that Y specie is
e'tale iH y is a disjoint union of Spectre This is the notion we want in analogy
with covering spaces

Def The Etale local ring at is Iim U with U X an estate map with
x in the image and the limit is over all pairs U y x

Example X Speck Then 1L U SpeckYufin uysep tumarkedpoint
Taking the limit lieOku lim Yu sep i e the geometric pointsim.se
So in the etale topology a point is then a geometricpoint So we define our
notion more correctly

Det The e'tale localring at a point I is Oxx lie Ox U where the limit
is over pairs Usi with

is u
y
This is called the strict wuselization of the local ringIe'takev

X

DEI A local ring Ain is henselian if thering satisfies Hensel's lemma That is for
all fuseACEs with fCt go oh.lt in AlinLe with gosh monic coprime there
is g hcAct monic and g go I h

As a remark Cgh AHI as Atkgth is a fg Amodule AKVcg.us is a fgA module M Thus since g I are coprime

Nyman AlmHYcg I 0

So M 0 by Nakayama Hence gandh are coprime and we can use this toshow
uniqueness See any text for the proof ofthis or do it yourself

IExercise 5 ProveTheorem 4.2 in EC

In particular the above states if CAm is henselian X SpecA xtheclosedpoint
then if f y X is e'tale a 3yet w yc x with keys kex then f has a section

DetLetCAm be a local ring and A Ah is a local morphism thenAh is the
heuselization of A if for all A B with B heuselian there is a unique morphism
making

a An
H
B

commute



Exercise Let xeX A Ox Take A lim U with X

Then Ox A is the henselization

IPropiLet Ain be a completelocalring A dimAhi Then A is henselian
ProofProp 4.5 DM

This allows us to construct the heuselization Take A Ox then we have an injective
map A At the completion which is heuselian by above Now take Ah A B over AcB
B heuselian

Example Take htt tucoc Kut 43 A theorem ofArtin says theformer ring is all
algebraic powerseries

ThinLet CA.ms k Ahn be henselian Then there is an equivalence of categories
FE4A FE4k

This reasonable by sending BIA Bathe The details are technical

EtalefundamentalGroup
By analogy with covering spaces we can give an algebraic construction of the fundamental
group

connected

DetLet y X be a finite etale morphism It is called Galois with Galois group G with
IgGgg sify Gy sAu Mx

That is we have an action map Gxy Is Y s1

Det Given any X we define the e'tale fundamental group I x dimG with G a galois
yG xgroup

see EC for examples


